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Let G be a connected simple adjoint p-adic group not isomorphic to a projective linear
group PGLm(D) of a division algebra D (m ≥ 2), or an adjoint ramified unitary group
PU(h) of a split hermitian form h in 3 variables. We prove that G admits an irreducible
admissible supercuspidal (= supersingular) representation over any field of characteristic p.
1. Introduction
Throughout this paper, F is a local non-archimedean field of characteristic a and residue
field of characteristic p with q elements, G = G(F ) whereG is a connected reductive F -group,
C a field (of coefficients) of characteristic c and Calg an algebraic closure of C.
Recent applications of automorphic forms to number theory have imposed the study of
smooth representations of G on C-vector spaces for C not algebraically closed and often finite
with c = p. Indeed one expects a strong relation, à la Langlands, with C-representations of
the Galois group of F - the only established case, however, is that of GL(2,Qp).
An irreducible admissible C-representation π of G is called supercuspidal if it is not isomor-
phic to a subquotient of a representation parabolically induced from an irreducible admissible
C-representation of a Levi subgroup. In the established cases of the Langlands correspon-
dence, they correspond to the irreducible continuous C-representations of the Galois group
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of F . All irreducible admissible C-representations of G are constructed from the irreducible
admissible supercuspidal C-representations of the Levi subgroups of G using parabolic induc-
tion.
When c = p, the finite group analogue H(k) of G, where H is a connected reductive group
over a finite field k of characteristic p, admits no irreducible supercuspidal C-representation
[CE04, Thm.6.12].
For C = Falgp , irreducible admissible supercuspidalC-representations have been constructed
for some rank 1 groups:
PGL(2,Qp) Breuil [Bre03] after the pionner work of Barthel-Livne [BL94]; this was the
starting point of the Langlands p-adic correspondance (Colmez and al.),
PGL(2, F ), Paskunas [Pas04],[BP12], usingG-equivariant coefficient systems on the adjoint
Bruhat-Tits building of G,
SL(2,Qp) [Abd14], [Che13],
U(1, 1)(Qp) unramified [Koz16],
U(1, 2)(F ) unramified and p 6= 2 [KX15].
Theorem 1.1. Assume (a, c) = (0, p) and G absolutely simple adjoint not isomorphic to the
projective linear group PGLm of a d
2-dimensional central division F -algebra (m ≥ 2, d ≥
1), or to the adjoint unitary group of a split hermitian form in 3 variables over a ramified
quadratic extension of F .
Then, G admits an irreducible admissible supercuspidal C-representation.
The irreducible admissible supercuspidal C-representation of G will be a subquotient of
a subrepresentation ρΓC := C(Γ\G)
∞ (smooth induction of the trivial C-representation) for
a discrete cocompact subgroup Γ of G [BH78]. The proof is local and uses a criterion of
supercuspidality proved with R. Ollivier for C algebraically closed [OV, Thm 3] and that we
extend to any C:
Proposition 1.2. [Supercuspidality criterion] Assume c = p. An irreducible admissible C-
representation π of G is supercuspidal if and only if it contains a non-zero pro-p-Iwahori
invariant supersingular element if and only if π is supersingular (all pro-p-Iwahori invariant
elements of π are supersingular).
The equivalence supercuspidal ⇔ supersingular follows also from the classification [HV17,
Thm.9]. Let B denote an Iwahori subgroup of G and HC(G,B) the Iwahori Hecke C-algebra.
Proposition 1.3. Assume (a, c) = (0, p) and G as in Thm.1.1. Then, there exists a discrete
cocompact subgroup Γ of G such that the HC(G,B)-module C[Γ\G/B] contains a non-zero
supersingular element.
To prove the theorem, we pick a non-zero supersingular element v in C[Γ\G/B] and an
irreducible quotient π of the subrepresentation of ρΓC generated by v. Then π is admissible (ρ
Γ
C
is admissible and a = 0) and contains a non-zero B-invariant supersingular element, hence is
supercuspidal by the supercuspidality criterion.
We explain now the meaning of supersingular, why we exclude PGL(m,D) and PU(h) and
how we prove Prop.1.3.
We choose a minimal parabolic F -subgroup B of G containing a maximal F -subtorus T.
Bruhat and Tits associated to them an affine Coxeter system (W,S), parameters qs = q
d(s)
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for s ∈ S, where q is the residue field of F and the d(s) are integers ≥ 1, and a commutative
group Ω acting on the Dynkin diagram Dyn of (W,S) decorated with the parameters d(s).
The diagram Dyn is the completed Dynkin diagram of a reduced root system Σ.
The Iwahori Hecke ring H(Gsc,Bsc) of an Iwahori subgroup Bsc of the simply connected
cover Gsc of the derived group of G is isomorphic to the Hecke ring H := H(W,S, qs)
associated to (W,S), (qs)s∈S, and the Iwahori Hecke ring H(G,B) is isomorphic to H :=
Z[Ω]⋉H(W,S, qs). To each cocharacter µ ∈ X∗(T ) of T is associated a central element zµ of
H [Vig17]. Write HC := C ⊗H. When c = p, an element v in a right HC-module is called
supersingular if vznµ = 0 for all µ ∈ X∗(T ) dominant but µ
−1 not dominant and n ∈ N large.
A simple right HC-moduleMC which is theB-invariants of an irreducible admissible square
integrable modulo center C-representation of G is called discrete. If G is semi-simple, MC
is discrete if and only if the simple components of its restriction to HscC are discrete; the
equivalence uses Casselman’s criterion of square integrability [Cas, §2.5] and the Bernstein
Hecke elements [Vig16, Cor. 5.28].
Assume that G is absolutely simple adjoint. If the type of Σ is Aℓ (ℓ ≥ 2), the parameters
are equal and G = PGLm(D) for a d
2-dimensional central division F -algebra D (m ≥ 2, d ≥
1). If the type of Σ is A1 and the two parameters are equal, then G = PU(h) is the adjoint
unitary group of a split hermitian form h in 3 variables over a ramified quadratic extension
of F [Tit79, §4].
When the type of Σ is different from Aℓ (ℓ ≥ 1) if the parameters are equal, we find a
simple discrete HC-module MC with an HZ[q1/2]-integral structure M of reduction, modulo a
maximal ideal P of Z[q1/2], a supersingular HFp-module MFp :
- When the type is Bℓ(ℓ ≥ 3), Cℓ(ℓ ≥ 2), F4, G2, or A1 with two distinct parameters, then
HscC admits a discrete character which is not the special character [Bor76, 5.9]
1. By extending
or inducing such a character, we construct a simple discrete right HC-module of dimension
≤ 2 with a natural H-integral structure. As we avoided the Steinberg character, the reduction
modulo p of the H-integral structure is a supersingular HFp-module. See Prop. 5.2.
- When the type is Dℓ(ℓ ≥ 3), E6, E7, E8, the group G is F -split [Tit79, §4]. The image by
a natural involution of HC of the reflection right HC-module of C-dimension |S| is discrete
[Lus83, 4.23], has a natural HZ[q1/2]-integral structure of reduction modulo a maximal ideal
P of Z[q1/2] a supersingular HFp-module. See Prop. 5.3.
Now, we find Γ such that C[Γ\G/B] contains a non-zero supersingular element. The
existence of discrete cocompact subgroups Γ in G is ensured by a = 0 [Mar91]. By the p-adic
version of the de George-Wallach limit multiplicity formula ([DKV84, Appendice3, Prop.] plus
[Kaz86, Thm.K]), the simple discrete HC-module MC embeds in C[Γ\G/B] for some discrete
cocompact subgroup Γ of G. All the HZ[q1/2]-integral structures of MC have the same semi-
simplification hence have supersingular reduction modulo P , andM ′ :=MC∩Z[q
1/2][Γ\G/B]
is another HZ[q1/2]-integral structure of MC of reduction modulo P a HFp-submodule M
′
Fp
of
Fp[Γ\G/B]. See Prop. 6.3. The scalar extension from Fp to C of the supersingular HFp-
module M ′Fp is a non-zero supersingular HC-submodule of C[Γ\G/B]. This ends the proof of
Prop.1.3.
A similar argument for an irreducible admissible supercuspidal complex representation of
G produces an integral structure with admissible reduction (Cor. 6.5).
1In Borel, the Iwahori group is the fixer Z˜0B of an alcove, where Z˜0 is the maximal compact subgroup of
a minimal Levi subgroup; if G is F -split, Z˜0B = B
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Returning to G general, Kret proved that G admits irreducible admissible supercuspidal
complex representations [Kre12] (if a = 0 [BP16]). We extend this to any field C of charac-
teristic 0 in §8:
Proposition 1.4. [Change of coefficient field] If G admits an irreducible admissible supercus-
pidal representation over some field of characteristic c, supposed to be finite if c = p, then G
admits an irreducible admissible supercuspidal representation over any field of characteristic
c.
We reduce the construction of an irreducible admissible supercuspidal representation of G
to the case of G absolutely simple and adjoint in §9:
Proposition 1.5. [Reduction to a simple adjoint group] Assume a = 0 and C algebraically
closed or finite. If any connected absolutely simple adjoint p-adic group admits an irreducible
admissible supercuspidal C-representation, then any connected reductive p-adic group admits
an irreducible admissible supercuspidal C-representation.
Summarizing our results, we obtain:
Theorem 1.6. Assume (a, c) = (0, p). Then G admits an irreducible admissible supercuspidal
C-representation, if:
PGL(m,D) and PU(h) (as in Thm.1.1) admit an irreducible admissible supercuspidal
representation over some finite field of characteristic p.
When (a, c) = (0, p), PGL(m,D) and PU(h) should also admit an irreducible admissible
supercuspidal C-representation. We miss PGL(m,D) and PU(h) because we do not know
the integrality properties of the unramified irreducible admissible complex representations of
G corresponding to the integral reflections modules of the generalized affine Hecke algebras of
supersingular reduction modulo p. The missing cases will probably be completed by Herzig
with a global method for PGL(m,D) and by Koziol with coefficient systems on the tree for
PU(h).
Ackowledgements I thank Pioline, Savin and the organizers of the conference on automor-
phic forms and string theory in Banff (2017-10-30) for emails, discussions and their invitation
who led me to look closely at unramified minimal representations corresponding to the reflec-
tion modules of the affine Hecke algebras [GS05, Thm. 12.3]. Minimal representations are
important for string theorists [KPW02] and for mathematicians as they allow to construct
analogues of theta series. Their relation to supersingular representations, a complete surprise
for me, is at the origin of this work on a basic question raised fifteen years ago for modulo p
representations.
I thank also Heiermann for a discussion on discrete modules, Harder for emails on discrete
cocompact subgroups, Waldspurger for reminding me the antipode and a reference, Henniart
for providing the proof of Prop.9.2 b), Herzig for writing a draft of his global method for
GL(m,F ), Herzig and Koziol for working on the missing cases.
2. Iwahori Hecke ring
We review in this section the parts of the theory of Iwahori Hecke algebras [Vig16], [Vig14],
[Vig17] appearing in the proof of the key proposition 1.3.
Let G be a reductive connected F -group, T a maximal F -split subtorus of G, B a minimal
F -parabolic subgroup of G containing T, and x0 a special point of the apartment of the
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adjoint Bruhat-Tits buiding defined by T. Associated to the triple (G, T, B, x0) are: the
center Z(G) of G, the root system Φ, the set of simple roots ∆, the G-centralizer Z of T,
the normalizer N, the unipotent radical U of B, (hence B = ZU), the triples (Gsc,Tsc,Bsc)
and (Gad,Tad,Bad) for the simply connected covering and the adjoint group of the derived
subgroup of G, the natural homomorphisms Gsc := Gsc(F )
isc−→ G = G(F )
iad
−−→ Gad =
Gad(F ), an alcove C of the apartment with vertex x0, the Iwahori subgroups B,B
sc,Bad of
G,Gsc, Gad fixing C, the Iwahori Hecke ring H(G,B) := EndZG Z[B\G] and similarly for the
simply connected and adjoint semi-simple groups.
The natural ring homomomorphism H(Gsc,Bsc) → H(G,B) induced by isc is injective
and we identify H(Gsc,Bsc) with a subring of H(G,B). There is a canonical isomorphism
H(Gsc,Bsc)
jsc
−−→ H(W,S, qs) where H := H(W,S, qs) is the Hecke ring of an affine Coxeter
system (W,S) with parameters (qs = q
d(s))s∈S where q is the residue field of F and the d(s)
are integers ≥ 1. The Dynkin diagram of (W,S) is the completed Dynkin diagram Dyn of a
reduced root system Σ. The image Ω = ΩG of the Kottwitz morphism of G acts on the Dynkin
diagram Dyn decorated with the parameters (ds)s∈S , and the isomorphism j
sc extends to an
isomorphism
(2.1) H(G,B)
j
−→ Z[Ω]⋉H(W,S, qs),
The Iwahori Hecke ring of G is determined by the type of Σ, the parameters and the group
Ω acting on the decorated Dynkin diagram Dyn. The quotient of Ω by the fixer of C in Ω
is isomorphic to a subgroup Ψ of the group of automorphisms Aut(W,S, ds) of the decorated
Dynkin diagram. The generalized affine Hecke ring H˜ := Z[Ω]⋉H(W,S, qs) is a free Z-module
of basis Tw for w ∈ W˜ := W ⋊ Ω satisfying the braid and quadratic relations:
TwTw′ = Tww′ for w,w
′ ∈ W˜ , ℓ(w) + ℓ(w′) = ℓ(ww′),
(2.2) (Ts − qsT1)(Ts + T1) = 0 for s ∈ S,
where ℓ is the length on W associated to S extended to W˜ by ℓ(uw) = ℓ(wu) = ℓ(w) for
u ∈ Ω, w ∈ W . The linear map Tw 7→ (−1)
ℓ(w)T ∗w for w ∈ W˜ , where for w = us1 . . . sn with
u ∈ Ω, si ∈ S, n = ℓ(w),
(2.3) TwT
∗
w−1 = qw, where qw := qs1 . . . qsn , T
∗
s := Ts − qs + 1, T
∗
w := TuT
∗
s1 . . . T
∗
sn ,
is an automorphism of H˜.
The unique parahoric subgroup Z0 of Z := Z(F) is contained in the maximal compact
subgroup Z˜0. When G is F -split or semi-simple simply connected, Z0 = Z˜0. The group N/Z0
is isomorphic to W˜ , acts on the apartment and forms a system of representatives of the double
classes of G moduloB. The subgroup Λ = Z/Z0 of N/Z0 is commutative finitely generated of
torsion Z˜0/Z0 acting by translation on the apartment, the quotient map N/Z0 → N/Z splits,
identifying the (finite) Weyl groupW0 of Σ with the fixer inW of a special vertex of the alcove
C. The semi-direct product Λ⋊W0 is equal to W˜ and Λ
sc ⋊W0 = W where Λ
sc := Λ ∩W .
An element λ ∈ Λ is called dominant (and λ−1 anti-dominant), if z(U ∩B)z−1 ⊂ (U ∩B) for
z ∈ Z lifting λ. The dominant monoid Λ+ consists of dominant elements of Λ.
The cocharacter group X∗(T ) of T is isomorphic to T/T0 ≃ TZ0/Z0 = ΛT by the W0-
equivariant map µ 7→ λµ := µ(pF )Z0/Z0 for a fixed an uniformizer pF of F . A cocharacter
µ is dominant if λµ is. For λ ∈ Λ and n ∈ N large, λ
n ∈ ΛT , and 〈χ, λ
n〉 is defined for any
character χ ∈ X∗(T ). The fixer of the alcove C in Λ is ΛZ(G)Z˜0 = Z(G)Z˜0/Z0 and
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ΛZ(G)Z˜0 = {λ ∈ Λ | 〈α, λ
n〉 = 0 n large such that λn ∈ ΛT and α ∈ ∆}.
Lemma 2.1. The fixer of the alcove C in Ω is ΛZ(G)Z˜0 .
Proof. Write u ∈ Ω as u = λw0 with λ ∈ Λ, w0 ∈ W0. As w0 fix a special point of C, λ does
also. As λ acts by translation on the apartment, λ fixes C. As λ and u fix C, w0 fixes also C
hence w0 = 1. 
The action of Ω on the alcove C and the embeddings of Λ and Ω into W˜ induce isomorphisms
(2.4) Ω/ΛZ(G)Z˜0 → Ψ, Λ/(ΛZ(G)Z˜0 × Λ
sc)→ W˜/(ΛZ(G)Z˜0 ×W )← Ω/ΛZ(G)Z˜0 .
Lemma 2.2. The subgroup ΛZ(G) × Λ
sc of Λ is finitely generated of finite index.
The submonoid ΛZ(G)×Λ
+
sc of the dominant monoid Λ
+ is finitely generated of finite index.
Proof. The commutative group ΛZ(G)×Λ
sc is finitely generated and a finite index subgroup of
Λ, as Z˜0/Z0 is finite and (2.4) implies that Λ/(ΛZ(G)Z˜0 × Λ
sc) ≃ Ψ. Gordan’s lemma implies
the second assertion (as in the proof of [HV15, 7.2 Lemma]). 
The W˜ -conjugacy class of λ ∈ Λ is the W0-orbit of λ. A basis of the center of H˜ [Vig14,
Thm.1.2] is ∑
λ∈O
Eλ for the W0-orbits O ⊂ Λ,
where Eλ for λ ∈ Λ are the integral Bernstein elements of H˜ [Vig16, Cor. 5.28, Ex.5.30]:
Eλ =
{
Tλ if λ is anti-dominant
T ∗λ if λ is dominant
, Eλ1Eλ2 = (qλ1qλ2q
−1
λ1λ2
)1/2Eλ1λ2 for λ1, λ2 ∈ Λ.(2.5)
When λ1, λ2 are both dominant (or anti-dominant), Eλ1Eλ2 = Eλ1λ2 . For µ ∈ X∗(T ), let Oµ
denote the W0-orbit of λµ and write zµ :=
∑
λ∈Oµ Eλ. Any W0-orbit Oµ contains a unique
dominant (resp. anti-dominant) cocharacter µ+ (resp. µ−), and zµ = zµ+ = zµ− .
The invertible elements in the dominant monoids Λ+ and X∗(T )
+ are the subgroups
ΛZ(G)Z˜0 and ∩α∈∆Kerα. Only the trivial element is invertible in the dominant monoid
Λ+sc. Write ΛZ(G) := Z(G)Z0/Z0.
The generalized affine ring H˜ contains the commutative subring A of Z-basis (Eλ)λ∈Λ.
When G = Z, the Bernstein elements are simply the classical elements TZλ , and the Iwahori
Hecke ring H(Z,Z0) is isomorphic to Z[Λ]. In general, A is not isomorphic to Z[Λ] but
the subring A+ of basis (Eλ)λ∈Λ+ is isomorphic to Z[Λ
+]. Denote by Asc,AT ,A
+
sc,A
+
T the
subrings of respective bases (Eλ)λ∈Λsc , (Eλµ)µ∈X∗(T ), (Eλ)λ∈Λ+sc , (Eλµ)µ∈X∗(T )+ .
Lemma 2.3. A is finitely generated as an AT -module and as a Z[ΛZ(G)]×Asc-module.
A+ is finitely generated as an A+T -module and as a Z[ΛZ(G)]×A
+
sc-module.
Proof. For T [Vig14, Lemma 2.14, 2.15]. Otherwise, Lemma 2.2. 
3. Supersingular and discrete modules
Let C be a field of characteristic c and the Iwahori Hecke C-algebras HC(G
sc,Bsc) :=
C ⊗Z H(G
sc,Bsc) and HC(G,B) := C ⊗Z H(G,B), isomorphic to the affine and generalized
affine Hecke C-algebras HC = C ⊗Z H(W,S, qs) and H˜C = C[Ω]⋉Z H(W,S, qs).
This section introduces the supersingular right H˜C-modules when c = p (there are none
when c 6= p) and the discrete simple right HC(G,B) modules.
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Definition 3.1. Let M be a non-zero right H˜C-module. An element v ∈ M is called super-
singular if and only if vznµ = 0 for all dominant µ ∈ X∗(T ) with µ
−1 not dominant, and some
large positive integer n. The H˜C-module M is called supersingular when all its elements are
supersingular2.
Remark 3.2. v is supersingular if and only if vznλ = 0 for any λ ∈ Λ \ ΛZ(G)Z˜0 and large n.
We can restrict to µ (or λ) dominant, or anti-dominant.
Fact 3.3. - A simple H˜C-module M is finite dimensional, and is semi-simple as an HC-
module.
- A H˜C-module is supersingular if and only if its restriction to HC is supersingular [Vig17,
Cor.6.13].
- The simple supersingular HC-modules are
3 the characters which are not special or trivial
(see the next section) when C is “large” of characteristic c = p [Vig17, Cor.6.13].
We denote by ModC(G,B) and ModC(H(G,B)) the categories of C-representations of
G generated by their B-invariant vectors and of right HC(G,B)-modules. The B-invariant
functor π 7→ πB : ModC(G,B) → ModC(H(G,B)) has a left adjoint T : τ 7→ τ ⊗HC(G,B)
C[B\G].
Fact 3.4. When c 6= p, the functor π 7→ πB induces a bijection between the isomorphism
classes of the irreducible C-representations π of G with πB 6= 0 and of the simple right
HC(G,B)-modules [Vig96, I.6.3]. When C = C, the functors are inverse equivalences of
categories (Bernstein-Borel-Casselman).
Let π be an irreducible complex representation of G with πB 6= 0. We recall the classical
properties of π, including the Cassleman’s criterion of square integrability modulo center,
before giving the definition of a discrete simple right HC(G,B)-module.
Fact 3.5. - a) π is isomorphic to a subrepresentation of indGB σ where σ is a C-character of
Z trivial on Z˜0.
- b) The representation of Z on the U -coinvariants (indGB σ)U is semi-simple, trivial on Z˜0
and contains a subrepresentation isomorphic to πU .
- c) The quotient map f : π 7→ δ
−1/2
B πU induces an HZ[q−1/2](Z,Z0)-equivariant isomor-
phism πB → πZ0U (= πU ) for the Bernstein Z[q
−1/2]-algebra embedding
HZ[q−1/2](Z,Z0)
tB−→ HZ[q−1/2](G,B) tB(T
Z
λ ) = θλ := q
−1/2
λ E(λ) for λ ∈ Λ,
that is, f(vθλ) = f(v)T
Z
λ for λ ∈ Λ, v ∈ π
B [Vig98, II.10.1]. Note that qλ = δB(z) where δB
is the modulus of B and z ∈ Z of image λ ∈ Λ and θλ1θλ2 = θλ1λ2 for λ1, λ2 ∈ Λ.
- d) Casselman’s criterion: π is square integrable modulo center [Cas, §2.5] if and only if
its central character is unitary and
|χ(µ(pF ))| ≤ 1 for all anti-dominant µ ∈ X∗(T ) but µ
−1 not anti-dominant,
for any character χ of Z contained in δ
−1/2
B πU [Cas, Thm. 6.5.1].
2In [Vig17, Def. 6.10] there is a different definition: there exists n > 0 with Mznµ = 0 for all µ not invertible
in X∗(T )+
3There are no non-zero supersingular modules if c 6= p
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Definition 3.6. A simple right HC(G,B)-module is called discrete when it is isomorphic to
πB for an irreducible admissible square integrable modulo center C-representation π of G.
Proposition 3.7. A simple right HC(G,B)-module M is discrete if and only if any complex
character χ of A contained in M satisfies: the restriction of χ to ΛZ(G) is unitary and
|χ(θµ)| ≤ 1 for any dominant µ ∈ X∗(T ) but µ
−1 not dominant, θµ := θλµ
.
Proof. Let χ : Z → C∗ be a character trivial on Z0. Writing χ(z) = χ(λ) for z ∈ Z of image
λ ∈ Λ and noting f(v)TZλ = z
−1f(v), we have in c)
z−1f(v) = χ(z−1)f(v)⇔ f(vθ(λ)) = χ(λ−1)f(v)⇔ vθ(λ) = χ(λ−1)v.
Hence χ is contained in δ
−1/2
B πU if and only χ
−1 : A → C, χ−1(θλ) := χ
−1(λ), is contained
πB. Apply Casselman’s criterion (Fact 3.5 d)) (the inverse of an anti-dominant element is
dominant). 
Remark 3.8. Some authors see πB as a left HC(G,B)-module. One exchanges “left” and
“right” by putting Twv = vTw−1 for w ∈ W˜ , v ∈ π
B. The left or right HC(G,B)-module π
B
is called discrete if π is square integrable modulo center. For left modules, the proposition
holds true with anti-dominant instead of dominant.
Lemma 3.9. For a character χ : A → C, the following properties are equivalent:
(i) χ|ΛZ(G) is unitary and |χ(θµ)| ≤ 1 for any dominant µ ∈ X∗(T ) with µ
−1 not dominant.
(ii) |χ(θλ)| ≤ 1 for any dominant λ ∈ Λ.
(iii) |χ(θλ)| = 1 for any λ ∈ ΛZ(G) and |χ(θλ)| ≤ 1 for any dominant λ ∈ Λsc.
Proof. (ii) implies (i) because |χ(θλ)| ≤ 1 for any λ ∈ Λ
+, implies |χ(θλ)| = 1 when λ is
invertible in Λ+, i.e. λ ∈ ΛZ(G)Z˜0 . Conversely, (i) implies that for λ ∈ Λ
+ and n ∈ N large
with λn ∈ Λ+T we have |χ(θ
n
λ)| ≤ 1. This implies |χ(θλ)| ≤ 1 hence (ii). The arguments of the
equivalence between (i) and (iii) are similar using Lemma 2.2. 
Proposition 3.10. A simple right HC(G,B)-module M is discrete if and only if ΛZ(G) acts
on M by a unitary character and the simple components of M restricted to HC(G
sc,Bsc) are
discrete.
Proof. Lemma 3.9 (iii). 
4. Characters
In this section, C is a field of characteristic c and G is absolutely simple. We give the
characters H → C which extend to H˜. This is an exercice, already in the litterature when
C = C is the complex field [Bor76].
For distinct s, t ∈ S, the order ns,t of st is finite except if the type is A1. In the finite case,
(TsTt)
r = (TtTs)
r if ns,t = 2r, (TtTs)
rTt = Tt(TsTt)
r if ns,t = 2r + 1.(4.1)
The Ts for s ∈ S and the relations (2.2), (4.1) give a presentation of H. A presentation of H˜
is given by the Tu, Ts for u ∈ Ω, s ∈ S and the relations (2.2), (4.1) and
TuTu′ = Tuu′ , TuTs = Tu(s)Tu for u ∈ Ω, s ∈ S.(4.2)
EXISTENCE OF SUPERSINGULAR REPRESENTATIONS OF p-ADIC REDUCTIVE GROUPS 9
We have a disjoint decomposition S = ⊔mi=1Si where Si is the intersection of S with a conju-
gation class of W and [Bor76, 3.3]:
m = 1 type of Σ = Aℓ(ℓ ≥ 2),Dℓ(ℓ ≥ 2), E6, E7, E8
2 A1, Bℓ(ℓ ≥ 3), F4, G2
3 Cℓ(ℓ ≥ 2)
When m > 1, we fix a numerotation such that |S1| > |S2| when m = 2 (except for A1
where S1 = {s1}, S1 = {s2}) and |S1| > |S2| = |S3| when m = 3. We have S3 = {s3}
for Cℓ, S2 = {s2} for A1, Bℓ, Cℓ, G2 and S2 has two elements for F4, and S1 has respectively
ℓ, ℓ−1, 3, 2 elements for Bℓ, Cℓ, F4, G2. The parameters ds are equal on Si to a positive integer
di. The automorphism group Aut(W,S) of the completed Dynkin diagram Dyn is [IM65, 1.8]:
Aut(W,S) = Z/(ℓ+ 1)Z type of Σ = Aℓ(ℓ ≥ 1)
Z/2Z Bℓ(ℓ ≥ 3), Cℓ(ℓ ≥ 2), E7
(Z/2Z)× (Z/2Z) D2ℓ(2ℓ ≥ 2)
Z/4Z D2ℓ+1(2ℓ+ 1 ≥ 3)
Z/3Z E6
{1} E8, F4, G2
Lemma 4.1. The automorphism group Aut(W,S, di) of the decorated Dynkin diagram Dyn
is equal to Aut(W,S) with two exceptions: type A1 and different parameters d1 6= d2, type
Cℓ(ℓ ≥ 2) and different parameters d2 6= d3, where Aut(W,S, di) = {1},Aut(W,S) = Z/2Z.
Proof. When m = 2, S1 and S2 are Aut(W,S)-stable except for A1 where the non-trivial
element of Aut(W,S) permutes s1, s2; Aut(W,S, di) fixes s1 and s2 if d1 6= d2.
When m = 3, the type is Cℓ(ℓ ≥ 2), the non-trivial element of Aut(W,S) permutes s2, s3;
Aut(W,S, di) fixes s2 and s3 if d2 6= d3. 
Lemma 4.2. A map (Ts)s∈S → C is the restriction of a character χ : H → C if and only if:
when c 6= p, it is constant and equal to χi = −1 or q
di on each Si. There are 2
m characters
if q + 1 6= 0 in C.
when c = p, its values are −1 or 0. There are 2|S| characters.
Proof. This follows from the presentation of H. When c 6= p, the Tw are invertible. When
c = p [Vig17, Prop.2.2]. 
The unique character χ : H → C with χ(Ts) = qs (resp. χ(Ts) = −1) for all s ∈ S is called
the trivial (resp. special) C-character. If they are equal then c 6= p, 0.
A character χ : H → C extends to a character of H˜ if and only if χ(Ts) = χ(Tu(s)) for
all s ∈ S and u ∈ Ω. When the image Ψ of Ω in Aut(W,S, di) is trivial or when m = 1,
any character of H extends to H˜. The extensions are not unique in general. The trivial and
special characters extend, their extensions are also called trivial and special.
Lemma 4.3. Assume c 6= p. A character χ = (χi)1≤i≤m : H → C extends to a character of
H˜ except for
- type A1, equal parameters d1 = d2, Ψ ≃ Z/2Z, when χ1 6= χ2,
- type Cℓ(ℓ ≥ 2), equal parameters d2 = d3, Ψ ≃ Z/2Z, when χ2 6= χ3.
Proof. Assume m > 1 and Ψ not trivial. Then Ψ ≃ Aut(W,S) ≃ Z/2Z with three cases:
Type A1 and equal parameters d1 = d2, say d. Then Ψ permutes s1, s2. Only the special
and trivial characters of H extends to H˜.
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Type Cℓ(ℓ ≥ 2) and equal parameters d2 = d3, say d. Then Ψ permutes s2, s3, only the
C-characters of H with χ2 = χ3 extend to H˜.
Type Bℓ(ℓ ≥ 3). Then, Ψ stabilizes S1 and S2 hence all C-characters of H extend to H˜. 
We combine these results in a proposition:
Proposition 4.4. (i) HC admits 2
m characters χ, they are all Z-integral, and their reduction
modulo p are supersingular except for the special and trivial character.
(ii) H˜C admits a Z-integral simple (left or right) module of supersingular reduction modulo
p, and restriction χ⊕ χ to HC, when
χ = (χ1, χ2), χ = (χ2, χ1), type A1, d1 = d2, Ψ ≃ Z/2Z, and χ1 6= χ2,
χ = (χ1, χ2, χ3), χ = (χ1, χ3, χ2), type Cℓ(ℓ ≥ 2), d2 = d3, Ψ ≃ Z/2Z, and χ2 6= χ3.
(iii) Otherwise the characters χ of HC extends to Z-integral complex characters of H˜C, of
supersingular reduction modulo p if χ is not special or trivial.
Proof. (i) Lemma 4.2, Fact 3.3. The reduction modulo p of a special of trivial character of H
is not supersingular.
(ii) When χ extends to H˜ = H ⊗ Z[Ω] we can extend it trivially (Ω acts by the trivial
character). When χ does not extend, the normal subgroup ΛZ(G)Z˜0 of Ω has index 2 (2.4).
We extend χ trivially to H ⊗ Z[ΛZ(G)Z˜0 ] and then induce to H˜. 
5. Discrete simple modules with supersingular reduction
In this section, G is absolutely simple and P is a maximal ideal of Z[q1/2] of residue field
Fp.
Proposition 5.1. [Key result] There exists a simple discrete right H˜C-module MC with a
Z[q1/2]-integral structure M of supersingular reduction modulo P , except if the type of Σ is
Aℓ(ℓ ≥ 1) and the parameters are equal.
Proof. A special complex character of HC extending the B
sc-invariant of the Steinberg com-
plex representation of Gsc, is discrete and integral but its reduction modulo p is not su-
persingular. A trivial complex character is not discrete. The discrete non-special characters
complex characters are integral of supersingular reduction modulo p. The discrete non-special
characters χ : H → C were computed by Borel [Bor76, 5.8] and those extending to H˜ have
been described in Prop. 4.4(i). Applying Prop. 3.10, we have:
- if a discrete non-special character of HC extends to H˜C, we obtain a simple discrete
integral H˜C-module MC of supersingular reduction modulo p and of dimension 1.
- if HC admits discrete non-special characters complex characters but none extends to H˜C.
Using Prop. 4.4(ii), we obtain a simple discrete integral H˜C-module MC of supersingular
reduction modulo p and of dimension 2.
- if the special character is the only discrete character of HC, the reflection left H˜Z[q1/2]-
module M , free of rank |S| over Z[q1/2] has a supersingular reduction modulo P . The left
H˜C-module MC is discrete when the type is different from Aℓ(ℓ ≥ 1) [Lus83].
These are the main lines of the proof. We give the details in the rest of this section. 
Instead of χ = (χi) as in section §4, we write χ = χ(ǫi) where ǫi =
{
−1 if χi = −1
di if χi = q
di
for
1 ≤ i ≤ m.
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Proposition 5.2. There exists a discrete non special right H˜C-module MC when the type of
Σ is Bℓ(ℓ ≥ 3), Cℓ(ℓ ≥ 2), F4, G2, A1 with d1 6= d2. The C-dimension r of MC is:
r = 1 when Ψ is trivial or when the type is Bℓ(ℓ ≥ 3), Cℓ(ℓ ≥ 6), F4, G2, A1 with d1 6=
d2, C2 with parameters (1, 2, 2), (2, 3, 3), C3 with parameters (2, 1, 1), C4 with parameters
((d, d, d), (2, 1, 1), C5 with parameters (d, d, d), (2, 1, 1), (2, 3, 3).
r = 2 when the type is C2 with parameters (d, d, d), (2, 1, 1), C3 with parameters (d, d, d),
(1, 2, 2), (2, 3, 3), C4 with parameters (1, 2, 2), (2, 3, 3), C5 with parameters (1, 2, 2); then MC
extends the HC-module χ(−1,−1,d) ⊕ χ(−1,d,−1).
Proof. When m = 1 the only discrete complex character is the special one [Bor76, 5.7]. When
m > 1 HC admits a discrete non-special character except for the type A1 and parameters
d1 = d2 [Bor76, 5.8].
Assume m > 1 or the type is A1 and d1 6= d2. Some discrete non-special character of HC
extends to H˜C with the exception: type Cℓ(ℓ ≥ 2), different ǫ2 6= ǫ3, Ψ ≃ Z/2Z, parameters
d2 = d3, say d,
- d1 = d and ℓ = 2, 3.
- d1 6= d
4 and ℓ = 2 with parameters (2, 1, 1), or ℓ = 3, 4 with parameters (1, 2, 2), (2, 3, 3),
or ℓ = 5 with parameters (1, 2, 2).
In the exceptional case, no discrete character of HC extends to H˜C, χ(−1,−1,d), χ(−1,d,−1) are
discrete characters of HC, and the simple H˜C-module of dimension 2 equal to χ(−1,−1,d) ⊕
χ(−1,d,−1) as a HC-module (Prop. 4.4) is discrete by Prop. 3.10. 
We consider now the types Dℓ(ℓ ≥ 2), E6, E7, E8. Then G is F -split and for distinct
s, t ∈ S, the order ns,t of st is 2 or 3 [Tit79, §4].
Proposition 5.3. Assume that the type of Σ is Dℓ(ℓ ≥ 2), E6, E7, E8. Then, the image M by
the automorphism Tw 7→ (−1)
ℓ(w)T ∗w of H(G,B) of the reflection right HZ[q1/2](G,B)-module
has a supersingular reduction modulo P and MC is a discrete simple right HC(G,B)-module
of dimension |S|.
Proof. The reflection left HZ[q1/2](G,B)-module is the free Z[q
1/2]-module of basis (es) for
s ∈ S with the structure of HZ[q1/2](G,B)-module satisfying for s, t ∈ S, u ∈ Ω,
Tu(et) = eu(t), Ts(et) =


−et for s = t,
qet for s 6= t, ns,t = 2,
qet + q
1/2es for s 6= t, ns,t = 3.
of image by the automorphism Tw 7→ (−1)
ℓ(w)T ∗w for w ∈ W˜ , satisfying
Tu(et) = eu(t), Ts(et) =


qet for s = t,
−et for s 6= t, ns,t = 2,
−et + q
1/2es for s 6= t, ns,t = 3.
The reduction modulo P of this left HZ[q1/2](G,B)-module, say M , is the Fp-vector space of
basis (es) for s ∈ S with the structure of left H(G,B)-module satisfying for s, t ∈ S, u ∈ Ω,
Tu(et) = eu(t), Ts(et) =
{
0 for s = t,
−et for s 6= t,
4As d1 6= d, the possible parameters (d1, d, d) are (2, 1, 1)(1, 2, 2), (2, 3, 3) [Tit79, §4]
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The restriction to HFp(G
sc,Bsc) of this HFp(G,B)-module is the direct sum of the characters
χs(Tt) =
{
0 for s = t,
−1 for s 6= t
for s ∈ S.
These characters are supersingular hence the reduction ofM modulo P is supersingular (Fact
3.3). The scalar extension of M from Z[q1/2] to C is a discrete simple HC(G,B)-module
MC [Lus83, 4.23]. The properties (discrete scalar extension of C and supersingular reduction
modulo P ) remain true if one sees as M as a right HZ[q1/2](G,B)-module (Twv = vTw−1 for
w ∈ W˜ , v ∈M). 
6. Admissible integral structure via discrete cocompact subgroups
Let E be a number field of ring of integers OE , PE a maximal ideal of OE with residue
field k = OE/PE , and C/E a field extension.
Definition 6.1. We say that a C-representation π of G
a) descends to E if there exists an E-representation V of G and a G-equivariant C-linear
isomorphism ϕ : C ⊗E V → π. We call ϕ (and more often V ) an E-structure of π.
b) is OE-integral if π contains a G-stable OE-submodule L such that, for any open compact
subgroupK of G, the OE-module L
K is finitely generated, and the natural map ϕ : C⊗OEL→
π is an isomorphism. We call ϕ (and more often L) an OE-integral structure of π (we
say integral if OE = Z). The G-equivariant map L → k ⊗OE L (and more often the k-
representation k ⊗OE L of G) is called the reduction of L modulo PE . When k ⊗OE L is
admissible for all PE , we say that L is admissible.
We give analogous definitions for a HC(G,B)-module.
For any commutative ring A and a discrete cocompact subgroup Γ of G, let ρΓA denote the
smooth A-representation of G acting by right translation on
A(Γ\G)∞ = {f : G→ A | f(γgk) = f(g) (γ ∈ Γ, g ∈ G, k ∈ Kf}
where Kf is some open compact subgroup of G depending on f . The complex representation
ρΓC of G has an admissible integral structure ρ
Γ := ρΓZ. The reduction of ρ
Γ modulo a prime
number c is the admissible representation ρΓFc . The next proposition supposes G semi-simple
only to simplify.
Proposition 6.2. Assume a = 0 andG semi-simple. If π is a square integrable C-representation
of G, then there exists a discrete cocompact subgroup Γ of G such that HomG(π, ρ
Γ
C) 6= 0.
Proof. As a = 0, there exists a strictly decreasing sequence (Γn)n∈N of discrete cocompact
subgroups of G, normal of finite index in Γ = Γ0 [BH78],[Mar91, IX (4.7) (D) Thm. and (4.8)
Corollary (iv)], [Rog90, Prop. 1.3]. The normalized multiplicity of π in ρΓC is
mΓ,dg(π) := volΓ dimC(HomG(π, ρ
Γ
C))
where volΓ is the volume of Γ\G for a G-invariant measure induced by a Haar measure on G.
By the limit multiplicity formula, the sequence (mΓn,dg(π)) converges, and its limit is not 0
([DKV84, Appendice 3] plus [Kaz86]). 
Proposition 6.3. Assume a = 0. Let π an irreducible C-representation of G such that
πB 6= 0 and Γ a discrete cocompact subgroup of G.
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1) If ϕ : C⊗E V → π is an E-structure of π, then ϕ
B : C⊗E V
B → πB is an E-structure
of πB, and the natural map HomEG(V, ρ
Γ
E)→ HomCG(π, ρ
Γ
C) is an isomorphism.
2) If ψ : C ⊗E W → π
B is an E-structure of πB, then T(ψ) : C ⊗E T(W ) → π is an
E-structure of π.
3) An irreducible subrepresentation V of ρΓE admits an admissible OE-integral structure
V ∩ ρΓOE of reduction modulo PE contained in ρ
Γ
k .
Proof. We recall a general result in algebra [Bou12, §12, no2 Lemme 1]: Let C/C ′ be a field
extension, A a C ′-algebra. For A-modules M,N , the natural map
(6.1) C ⊗C′ HomA(M,N)→ HomC⊗C′A(C ⊗C′ M,C ⊗C′ N)
is injective, and bijective if C/C ′ is finite or the A-module M is finitely generated.
1) Take C/C ′ = C/E, (M,N) = (E[B\G], V ) or (V, ρΓE). Then (6.1) is an isomorphism
because E[B\G] (resp. V ) is an E-representation ofG generated by the characteristic function
of B (resp. irreducible).
2) The functors π 7→ πB-invariants and its left adjoint T commute with scalar extension
from E to C and when C = C, are inverse equivalences of categories (Fact 3.4). Hence
T(ψ) : T(C⊗E W ) = C⊗E T(W )→ T(π
B) = π is an isomorphism.
3) For any open compact subgroupK of G, the OE-module (ρ
Γ
OE
)K is free and ρΓOE contains
L := V ∩ ρΓOE as OE-representations of G. The OE-submodule L
K of (ρΓOE)
K is finitely
generated because the ring OE is noetherean. The natural linear G-equivariant isomorphism
E⊗OE ρ
Γ
OE
→ ρΓE restricts to a linear G-equivariant isomorphism E⊗OE L→ V and therefore
L is an OE-integral structure of V . We have PEρ
Γ
OE
∩L = PE(Γ\G)
∞∩L = PE(Γ\G)
∞∩V =
PE(OE(Γ\G)
∞∩V ) = PEL. Therefore, the reduction modulo PE of L, i.e. (OE/PE)⊗OEL =
k ⊗OE L is contained in the reduction modulo PE of ρ
Γ
OE
, i.e. ρΓk , as k-representations of G.
As ρΓk is admissible, k ⊗ L is also. 
Although the ring Z[q1/2] is not always the ring of integers OE of E = Q[q
1/2], the argu-
ments of 3) apply to this ring. The key proposition Prop. 5.1 implies:
Corollary 6.4. Assume a = 0,G absolutely simple, the type of Σ is different from Aℓ(ℓ ≥ 1)
when the parameters are equal, and MC a right HC(G,B)-module as in Prop. 5.1. Then
the irreducible square integrable C-representation T(MC) of G admits an admissible Z[q
1/2]-
integral structure.
When G is semi-simple, an irreducible admissible supercuspidal C-representation of G
descends to a number field [Vig96, II.4.9]. Propositions 6.2 and 6.3 imply:
Corollary 6.5. Assume a = 0 and G semi-simple. An irreducible admissible supercuspidal C-
representation admits an admissible OE-integral structure of reduction modulo PE contained
in ρΓk , for some discrete cocompact subgroup Γ of G.
7. Supercuspidality criterion
This section contains the proof of Proposition 1.2. We use the description of the scalar
extension of an irreducible admissible representation π ofG (a theorem with Henniart [HV17]).
The commutant D of π is a division algebra of finite dimension over C. Let E denote
the center of D, Es/C the maximal separable extension contained in E/C and δ the reduced
degree of D/E. Let Calg be an algebraic closure of C containing E and πCalg the scalar
extension of π from C to Calg.
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Fact 7.1. [HV17] The length of πCalg is δ[E : C] and
πCalg ≃ ⊕
δ(⊕i∈Hom(Es,Calg)Vi)
where Vi is indecomposable of commutant C
alg⊗i,EsE, descends to a finite extension C
′ of C,
has length [E : Es] and its irreducible subquotients are all isomorphic, say to ρi. The ρi are
admissible, of commutant Calg, AutC(C
alg)-conjugate, not isomorphic each other, descend to
a finite extension C ′/C, and the descents seen as C-representations of G, are π-isotypic of
finite length.
It is straightforward to deduce, using that parabolic induction commutes with scalar exten-
sion from C to Calg, AutC(C
alg), descent and finite direct sums, the following compatibility
between supercuspidality and scalar extension from C to Calg:
Proposition 7.2. π is supercuspidal if and only if some irreducible subquotient ρ of πCalg is
supercuspidal if and only if any irreducible subquotient ρ of πCalg is supercuspidal.
Remark 7.3. When C ⊂ C, some irreducible subquotient ρ of πC is square integrable modulo
center, if and only if any irreducible subquotient ρ of πC is square integrable modulo center.
The pro-p Sylow subgroup U of the Iwahori subgroup B of G is a pro-p Iwahori subgroup
of G. The theory of modules over the pro-p Iwahori Hecke ring H(G,U) is similar to the
theory of the Iwahori Hecke ring H(G,B) and we refer the reader to [Vig16] and to [Vig17]
for the description of H(G,U) and of the supersingular right HC(G,U)-modules. It is easy to
see that the U-invariant functor and supersingularity commute with scalar extension from C
to Calg, AutC(C
alg), descent and finite direct sums.
We prove Proposition 1.2, by descending to C the supercuspidal criterion proved over Calg
with Ollivier in [OV, Thm.3].
Suppose that π contains a non-zero U-invariant supersingular element. Some irreducible
subquotient ρ of πCalg does also. By the supercuspidality criterion over C
alg, ρ is supercuspidal
and the HCalg(G,U)-module ρ
U is supersingular. A descent ρ′ of ρ to a finite extension C ′/C
is also supercuspidal and ρ′ U is also a supersingular HC′(G,U)-module. As ρ
′ is π-isotypic as
a C-representation, ρ′ U is a direct sum of πU as a HC(G,U)-module. Hence π is supercuspidal
and the HC(G,U)-module π
U is supersingular.
Conversely, suppose that π is supercuspidal. By Prop.7.2, an irreducible subquotient ρ of
πCalg is supercuspidal. By the supercuspidality criterion over C
alg, the HCalg(G,U)-module
ρU is supersingular. As above, we deduce that the HC(G,U)-module π
U is supersingular. 
8. Change of coefficient field
This section contains the proof of Prop.1.4, divided in three steps. Let Fc =
{
Q if c = 0
Fc if c 6= 0
be the prime field of characteristic c and C/Fc a field extension of algebraic closure C
alg/F algc .
Step 1 shows that, if c 6= p and G admits an irreducible admissible supercuspidal C-
representation π, then G admits one over a finite extension of Fc.
Indeed, twisting by a Calg-character of G we can suppose that the values of the central
character of π belong to F algc . By [Vig96, II.4.9], when c 6= p, π descends to a finite extension
F ′c/Fc. The descent preserves irreducibility, admissibility and supercuspidality. A descent of
π from Calg to F ′c is an irreducible admissible supercuspidal F
′
c-representation of G.
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Step 2 shows that if G admits an irreducible admissible supercuspidal representation over
a finite extension of Fc then G does over Fc.
Indeed, let C/C ′ be a finite field extension and π and irreducible admissibleC-representation
of G. Then π is admissible and finitely generated as a C ′-representation of G. This implies
that π contains an irreducible admissible C ′-representation π′ ([HV12, Lemma 7.10] for c = p
and the next lemma for c 6= p). By adjunction, π is a quotient of the scalar extension π′C of π
′
from C ′ to C. We prove that if π is supercuspidal then π′ is supercuspidal. Suppose that π′
is not supercuspidal, subquotient of indGP τ
′ for a proper parabolic subgroup P of G and τ ′ an
irreducible admissible C ′-representation of a Levi subgroupM of P . The parabolic induction
is compatible with the the scalar extension from C ′ to C, hence π′C is a subquotient of ind
G
P τ
′
C
and π is also. The C-representation τ ′C of M has finite length and its irreducible subquo-
tients are admissible [HV17, Cor.4]. Hence π is a subquotient of indGP ρ for some irreducible
admissible subquotient of τ ′C , therefore π is not supercuspidal.
Step 3 shows that if G admits an irreducible admissible supercuspidal Fc-representation
then G does over any field of characteristic c.
Indeed, let L/C be a field extension of algebraic closure Lalg/Calg and π an irreducible
admissible supercuspidal C-representation of G. Let τ be an irreducible subquotient of the
scalar extension πL of π from C to L. It is admissible [HV17, Cor.4]. The scalar extension
τLalg of τ from L to L
alg is a subquotient of the scalar extension πLalg of π from C to
Lalg, equal to the scalar extension of πL from L to L
alg. By §7, πLalg has finite length,
the irreducible subquotients of πLalg are absolutely irreducible, admissible, supercuspidal and
descend to a finite extension C ′/C, and the descents are π-isotypic as C-representations of
G. Therefore τLalg has the same properties. We deduce that the extension τL′ of τ from L to
a finite extension L′ of L has finite length, the irreducible subquotients of τ ′ are absolutely
irreducible, admissible, supercuspidal and τ -isotypic as L-representations of G. This implies
that τ is supercuspidal.
To end the proof of Prop.1.4, it remains to prove the lemma announced in Step 2:
Lemma 8.1. Assume c 6= p. An admissible finitely generated C-representation π of G has
finite length.
Proof. The extension πCalg of π from C to C
alg is also admissible finitely generated. The
lemma is known when C is algebraically closed [Vig96, II.5.1] hence πCalg has finite length,
implying that π has finite length. 
9. Reduction to an absolutely simple adjoint group
As well known, the adjoint group Gad of G is F -isomorphic to a finite product of reductive
connected F -groups
(9.1) Gad ≃ H×
∏
i
RF ′i/F (G
′
i)
where H := H(F ) is compact (hence any smooth irreducible C-representation of H is admis-
sible and supercuspidal), the F ′i/F are finite separable extensions and RF ′i/F (G
′
i
) are scalar
restrictions from F ′i to F of absolutely simple adjoint connected F
′
i -groups G
′
i
,
Proposition 9.1. Assume that the field C is algebraically closed or finite. If for any i,
G′i := G
′
i
(F ′) admits an irreducible admissible supercuspidal C-representation, then G admits
an irreducible admissible supercuspidal C-representation.
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For C = C and the finite group analogue H(k) of G, where H is a connected reductive
group over a finite field k of characteristic p, this is proved in [Kre12, Proof of Prop. 2.1].
The proposition is the combination of the Propositions 9.2, 9.4, 9.5, 9.8 corresponding
to the operations: finite product, central extension, scalar restriction, with C algebraically
closed or finite.
1) Finite product Let G1,G2 be two connected reductive F -groups and σ, τ irreducible
admissible C-representations of G1 := G1(F ), G2 := G2(F ).
Proposition 9.2. Assume that C is algebraically closed.
a) The tensor product σ ⊗C τ is an irreducible admissible C-representation of G1 ×G2.
b) Each irreducible admissible C-representation of G1 ×G2 is of this form.
c) σ ⊗C τ determines σ, τ (modulo isomorphism).
d) σ ⊗C τ is supercuspidal if and only if σ and τ are supercuspidal.
Proof. σ ⊗ τ is admissible as, for open compact subgroups Ki of Gi, we have a natural
isomorphism [Bou12, §12, 2 Lemme 1]:
HomK1(1, σ) ⊗HomK2(1, τ)→ HomK1×K2(1× 1, σ ⊗ τ).
Suppose now C algebraically closed.
a) It is known that σ ⊗C τ is irreducible [Bou12, §12, 2 Cor.1] (the commutant of σ is C
[HV17]).
b) Let π be an irreducible admissible C-representation of G1 × G2 and let K1,K2 be any
compact open subgroups of G1, G2 such that π
K1×K2 6= 0.
When c = p, the C-representation of G1 generated by π
K2 is admissible as πK1×K2 is
finite dimensional over C. It contains an irreducible admissible C-subrepresentation σ [HV12,
Lemma 7.10]. Let τ := HomG1(σ, π) with the natural action of G2. The representation σ⊗C τ
embeds naturally in π; as π is irreducible, it is isomorphic to σ⊗C τ , and τ is irreducible. As
π is admissible, τ is admissible 5.
When c 6= p, πK1×K2 is a simple right HC(G1 × G2,K1 ×K2)-module [Vig96, I.6.3]. We
have HC(G1 × G2,K1 × K2) ≃ HC(G1,K1) ⊗C HC(G2,K2). By [Bou12, §1 Proposition 2],
the finite dimensional simple HC(G1,K1)⊗HC(G2,K2)-modules are factorizable (we can also
imitate with the Hecke algebras the argument above for c = p) hence πK1×K2 ≃ σK1 ⊗ τK2
for irreducible admissible C-representations σ, τ of G1, G2, and π ≃ σ ⊗C τ [Vig96, I.6.3].
c) As a C-representation of G1, σ ⊗C τ is σ-isotypic. As a representation of G2, σ ⊗C τ is
τ -isotypic. Hence c).
d) The parabolic subgroups of G1 × G2 are product of parabolic subgroups of G1 and of
G2. Let P,Q be parabolic subgroups of G1, G2 of Levi subgroups M,L and let π1 be an
irreducible admissible C-representation of M × L. By b), π1 is factorizable, π1 = σ1 ⊗C τ1
for irreducible admissible C-representations σ1, τ1 of M,L; we have a natural isomorphism
indG1P σ1 ⊗C ind
G2
Q τ1 → ind
G1×G2
P×Q π1. The irreducible subquotients of ind
G1×G2
P×Q π1 are the
tensor products of the irreducible subquotients of indG1P σ1 and of ind
G2
Q τ1. Hence d). 
Until the end of 1), we assume that C is a finite field. The next proposition is deduced
from [HV17, Thm.1].
5The proof is due to Henniart
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Proposition 9.3. Let π be an irreducible admissible C-representation of G. The commutant
D of π is a finite extension of C and the scalar extension πD of π from C to D is isomorphic
to
πD ≃ ⊕i∈Gal(D/C)πi
for irreducible admissible D-representations πi of G of commutant D, not isomorphic to each
other, forming a single Gal(D/R)-orbit and seen as C-representations, are isomorphic to π.
Proof. The commutant D of π is a division algebra of finite dimension over C, and a finite
extension of C is a finite field and is Galois. As a C-representation, πD is π-isotypique of
length [D : C]. Apply [HV17, Thm.1] with R′ = D. 
Returning to σ and τ when C is finite, the commutants Dσ and Dτ of σ and τ are finite
extensions of C of dimensions dσ, dτ . We embed them in C
alg and we consider the field D
generated by Dσ and Dτ of C-dimension lcm(dσ, dτ ), and the intersection D
′ = Dσ ∩Dτ of
C-dimension gcd(dσ , dτ ). The fields Dσ,Dτ are linearly disjoint on D
′, Dσ ⊗D′ Dτ ≃ D, and
(9.2) Dσ ⊗C Dτ ≃
[D′:C]∏
D,
because Dσ ⊗C Dτ ≃ Dσ ⊗D′ (D
′ ⊗C D
′) ⊗D′ Dτ , D
′ ⊗C D
′ ≃ D′ ⊗C C[X]/(P [X]) ≃
D′[X]/(P [X]) ≃
∏[D′:C]D′ for any P [X] ∈ C[X] irreducible of degree [D′ : C].
Proposition 9.4. The C-representation σ ⊗C τ of G1 ×G2 is isomorphic to
σ ⊗C τ ≃ ⊕
gcd(dσ ,dτ )
j=1 πj
for irreducible admissible C-representations πj of commutant D and not isomorphic to each
other. We have σ and τ supercuspidal ⇔ all the πj supercuspidal ⇔ some πj supercuspidal.
Proof. From Prop.9.3, the scalar extensions σD, τD of σ, τ from C to D are isomorphic to
σD ≃ ⊕i∈Gal(Dσ/C)σi, τD ≃ ⊕r∈Gal(Dτ/C)τr
for irreducible admissible D-representations σi, τr of G1, G2 of commutant D, not isomorphic
to each other, forming a single Gal(D/R)-orbit, descending to Dσ (resp. Dτ ) and seen as
C-representations, isomorphic to σ (resp. τ). The C-representation σ ⊗C τ of G1 × G2 is
admissible, of scalar extension from C to D:
(9.3) (σ ⊗C τ)D ≃ σD ⊗D τD ≃ ⊕(i,r)∈Gal(Dσ/C)×Gal(Dτ/C) σi ⊗D τr.
The D-representation σi ⊗D τr of G1 ×G2 is admissible of commutant D⊗D D = D [Bou12,
§12, no 2, lemma 1]. Hence σi⊗Dτr is absolutely irreducible and (σ⊗Cτ)D is semi-simple (9.3).
This implies that σ ⊗C τ is semi-simple [Bou12, §12, no7, Prop.8]; its commutant contains
Dσ ⊗C Dτ . From Prop.9.3, σ ⊗C τ has length dσdτ/ lcm(dσ, dτ ) = gcd(dσ , dτ ); by (9.2), its
commutant is Dσ ⊗C Dτ and its irreducible components πj are admissible of commutant D
and not isomorphic to each other.
From Prop. 9.2 over Calg , σi ⊗ τr is supercuspidal if and only if σi and τr are, if and only
if all σi and all τr are. From Prop. 7.2, this is also equivalent to πj supercuspidal for some j,
and to πj supercuspidal for all j. 
2) Central extension The natural surjective F -morphism G
i
−→ Gad of kernel Z(G) induces
between the F -points an exact sequence
0→ Z(G)→ G
i
−→ Gad → H1(F,Z(G)).
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The image i(G) of G is a closed cocompact normal subgroup of Gad and H1(F,Z(G)) is
commutative.
Until the end of 2), we assume a = 0. The group H1(F,Z(G)) is finite [PR94, Thm. 6.14]
implying that i(G) is an open normal subgroup of Gad of finite commutative quotient.
Proposition 9.5. Gad admits an irreducible admissible supercuspidal C-representation if and
only if G does.
The inflation from i(G) to G identifies the representations of i(G) with the representations
of G trivial on Z(G); it respects irreducibility and admissibility. The functor (inflation from
i(G) to G) ◦ (restriction from Gad to i(G)) from C-representations of Gad to representations
of G trivial on Z(G) is denoted by − ◦ i.
Let ρ˜ be an irreducible admissible C-representation of G inflating a representation ρ of
the normal open subgroup i(G) of finite index in Gad. The C-representation ρ of i(G) is
irreducible admissible and induces a representation indG
ad
i(G) ρ of G
ad which is admissible of
finite length. Any irreducible quotient π of indG
ad
i(G) ρ is admissible (when c = p this uses that
a = 0), by adjunction π|i(G) contains a subrepresentation isomorphic to ρ and by inflation
from i(G) to G, ρ˜ is isomorphic to a subquotient of π ◦ i.
Let π be an irreducible admissible C-representation of Gad. The restriction π|i(G) of π to
i(G) is semi-simple of finite length, its irreducible components ρ are Gad-conjugate [Vig96,
I.6.12]6. The C-representation π ◦ i of G is semi-simple of finite length, of irreducible compo-
nents the inflations ρ˜ of the irreducible components ρ of π|i(G). Remark that if π
′ is a smooth
C-representation of Gad such that some subquotient of π′ ◦ i is isomorphic to some ρ˜, then
some subquotient of π′ ◦ i is isomorphic to π ◦ i.
Proposition 9.5 follows from:
Proposition 9.6. π is supercuspidal if and only if some ρ˜ is supercuspidal if and only if all
ρ˜ are supercuspidal.
Proof. It suffices to prove: π not supercuspidal ⇒ all ρ˜ not supercuspidal, and then, some ρ˜
not supercuspidal ⇒ π not supercuspidal. We check first the compatibility of the parabolic
induction with − ◦ i.
(i) The parabolic F -subgroups ofG and ofGad are in bijection. If the parabolic F -subgroup
P of G corresponds to the parabolic F -subgroup Q of Gad, i restricts to an isomorphism
between their unipotent radicals [Bor91, 22.6 Thm.], sends a Levi subgroup M of P onto a
Levi subgroup L of Q, and induces between the F -points the exact sequence:
0→ Z(G)→M
i
−→ L→ H1(F,Z(G)).
We have Gad = Qi(G), Q ∩ i(G) = i(P ) = i(M)U where i(M) is an open normal subgroup
of L of finite commutative quotient and U is the unipotent radical of Q. If σ is a smooth
C-representation of L, then (indG
ad
Q σ)|i(G) ≃ ind
i(G)
i(P )(σ|i(M)) and by inflation from i(G) to G:
(9.4) (indG
ad
Q σ) ◦ i ≃ ind
G
P (σ ◦ i).
(ii) Let π be an irreducible admissible not supercuspidal C-representation of Gad, isomor-
phic to a subquotient of indG
ad
Q σ for Q 6= G
ad and σ irreducible admissible C-representation
6 in [Vig96, I.6.12] the condition that the index is invertible in C is not necessary and not used in the proof
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of L. Therefore π ◦ i is isomorphic to a subquotient of (indG
ad
Q σ)◦ i, and by (9.4) all the ρ˜ are
isomorphic to a subquotient of indGP τ˜ for some irreducible subquotient τ˜ of σ ◦ i (depending
on ρ). As τ˜ is admissible and P 6= G, all the ρ˜ are not supercuspidal.
(iii) Let π be an irreducible admissible C-representation of Gad such that some irreducible
component ρ˜ of π ◦ i is not supercuspidal, isomorphic to a subquotient of indGP τ for P 6= G
and τ ′ irreducible admissible C-representation of M . The central subgroup Z(G) acts triv-
ially on ρ˜ hence also on τ ′. Therefore τ ′ = τ˜ for an irreducible subquotient τ of σ|i(G) where
σ is an irreducible admissible C-representation of L. The representation ρ˜ is isomorphic to
a subquotient of indGP (σ ◦ i). By (9.4) and the remark above Prop. 9.6, π ◦ i is isomor-
phic to a subquotient of (indG
ad
Q σ) ◦ i. By adjunction π is isomorphic to a subquotient of
indG
ad
i(G)((ind
Gad
Q σ)|i(G)). This representation is isomorphic to
indG
ad
i(M)U (σ|i(M)) ≃ ind
Gad
Q (ind
L
i(M)(σ|i(M))) ≃ ind
Gad
Q (σ ⊗C C[i(M)\L]).
The C-representation σ⊗C C[i(M)\L] of L has finite length and its irreducible subquotients
ν are admissible (Lemma 9.7 below). Therefore π is isomorphic to a subquotient of indG
ad
Q ν
for some ν and Q 6= Gad, hence π is not supercuspidal. 
Lemma 9.7. Let π be an irreducible admissible C-representation of G and let V be a finite
dimensional smooth C-representation of G. Then the representation π ⊗C V of G has finite
length and its irreducible subquotients are admissible.
Proof. The scalar extension (π ⊗C V )Calg of π ⊗C V to an algebraic closure C
alg of C is
isomorphic to πCalg ⊗C VCalg . The length of π ⊗C V is bounded above by the length of
(π⊗C V )Calg and a C-representation of G is admissible if and only if its scalar extension from
C to Calg is admissible. By Fact 3.3, the length of the Calg-representation πCalg ⊗C VCalg of
G is the product of the finite lengths of πCalg and of VCalg , and its irreducible subquotients
are πi ⊗ χ for the irreducible quotients πi of πCalg and the C
alg-characters χ of L trivial on
i(M). As πi is admissible, πi ⊗ χ is admissible, and all subquotients of πCalg ⊗C VCalg are
admissible. 
3) Scalar restriction Let F ′/F be a finite separable extension, G′ a connected reductive
F ′-group and G := RF′/F(G
′) the scalar restriction of G′ from F ′ to F . As topological
groups, G′ := G′(F ′) is equal to G := G(F ). By [BT65, 6.19. Cor.], G′ and G have the same
parabolic subgroups, hence:
Proposition 9.8. G′ admits an irreducible admissible supercuspidal C-representation if and
only if G does.
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